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We study the procedure for sequential unambiguous state discrimination. A qubit is prepared
in one of two possible states, and measured by two observers Bob and Charlie sequentially. A
necessary condition for the state to be unambiguously discriminated by Charlie is the absence of
entanglement between the principal qubit, prepared by Alice, and Bob’s auxiliary system. In general,
the procedure for both Bob and Charlie to recognize between two nonorthogonal states conclusively
relies on the availability of quantum discord which is precisely the quantum dissonance when the
entanglement is absent. In Bob’s measurement, the left discord is positively correlated with the
information extracted by Bob, and the right discord enhances the information left to Charlie. When
their product achieves its maximum the probability for both Bob and Charlie to identify the state
achieves its optimal value.
PACS numbers: 03.67.Mn 03.65.Ta 42.50.Dv
I. INTRODUCTION
It is always interesting to uncover non-trivial roles of
quantum correlations contained in a composite quantum
system in quantum information processing. These corre-
lations originate from quantum coherent superposition
and have been widely studied in various perspectives,
such as quantum entanglement [1], Bell nonlocality [2],
quantum discord [3, 4], and so on. Quantum entangle-
ment was believed to be the only key resource in quantum
information processing. However, recent developments
[5, 6] demonstrated that, the algorithm for deterministic
quantum computation with one qubit (DQC1) can sur-
pass the performance of its corresponding classical algo-
rithm in the absence of quantum entanglement between
the the control qubit and a completely mixed state. The
quantum discord is considered as a main reason for the
advantage of the process of DQC1 without entanglement,
and thereby has gained wide attention in recent years
[7–9]. Particularly, a new measure of correlation in a bi-
partite quantum system called quantum dissonance has
been introduced which can be expressed by a unified view
of quantum correlations based on the relative entropy [7]
and be regarded as the entanglement-excluded nonclas-
sical correlation. The quantum dissonance of a separable
state (with zero entanglement) is exactly equal to its dis-
cord. Therefore, the quantum discord between the con-
trol qubit and the input state in DQC1, which plays a
key role in the computational process, is nothing but the
quantum dissonance.
The quantum algorithm in DQC1 is not the unique
case where the quantum dissonance serves as a key re-
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source. Roa et. al. [10] found that when two nonorthog-
onal states are prepared with equal a priori probabilities,
the quantum dissonance is the only quantum correlation,
which is required for performing optimal unambiguous
quantum state discrimination with the assistance of an
auxiliary qubit. Immediately afterwards, Zhang et. al.
[11] proved that the quantum entanglement in a more
general protocol was completely unnecessary as it can
be zero for the arbitrary a priori probabilities. These
results indicate that the procedure for assisted optimal
state discrimination (AOSD) is the second example after
DQC1 that can be implemented successfully, aided only
by quantum dissonance rather than entanglement.
Unambiguous discrimination among linearly indepen-
dent nonorthogonal quantum states is a fundamental
problem both in quantum mechanics and quantum in-
formation theory [12–22]. In its simplest form, the task
of observer Bob is to determine, with no error permitted,
what the state of the qubit is, which is prepared by Alice
in one of two known states, |ψ1〉 or |ψ2〉. Since |ψ1〉 and
|ψ2〉 are not orthogonal, the distinction may sometimes
fail as the the price to pay for no error. Consequently,
Bob’s measurement has three possible outcomes, |ψ1〉,
|ψ2〉, and inconclusive.
In their very recent work [23], Bergou et. al. de-
veloped a theory of nondestructive sequential quantum
measurements based on the unambiguous quantum state
discrimination. It originated from the topic of extract-
ing information from a quantum system by multiple ob-
servers [24–26]. Namely, they added another observer
Charlie who also performed an unambiguous discrimina-
tion measurement on the same qubit after Bob’s mea-
surement. As a scenario typical in secure quantum com-
munication strategies, Alice, Bob, and Charlie can do any
pre-measurement conspiracy, but no classical communi-
cation is allowed after Bob’s measurement. The proba-
bility for both Bob and Charlie to identify the state is
found with a nonzero value. The probability that Char-
2FIG. 1: (Color online) Protocol for sequential state discrimi-
nation. Alice prepares a qubit A in one of two known states,
|ψ1〉 or |ψ2〉 and sends it to Bob. Bob performs a joint unitary
operation Ub between the qubit A and his auxiliary qutrit B,
followed by a von Neumann measurement on the qutrit. His
state discrimination is successful if the outcome of B is 1 (for
|ψ1〉) and 2 (for |ψ2〉), but unsuccessful if the outcome is 0.
Then, Bob sends qubit A in the post-measurement state to
Charlie. Charlie makes a similar joint unitary Uc between it
and his qutrit C, and performs a similar von Neumann mea-
surement on C.
lie’s measurement succeeds, which quantifies the informa-
tion about the state Alice sent is left in the qubit after
Bob’s measurement, depends on the overlap between the
two possible states that Bob’s measurement leaves in the
qubit.
A two-state quantum system, or qubit, can be rep-
resented by a two-dimensional Hilbert space. A three-
dimensional Hilbert space is required to implement an op-
timal procedure of unambiguous discrimination between
two nonorthogonal states[17]. The observers have to in-
troduce ancillary systems to increase the dimension of
the Hilbert space [17]. This leads to a natural question:
What kinds of correlations, entanglement, quantum dis-
cord, or dissonance, serve as a key resource, especially
for the information left by Bob for Charlie to measure,
in sequential state discrimination? The original results
in [23] were derived in the positive-operator-valued mea-
sure (POVM) formalism. In this work, we present a re-
alization of the protocol in [23] by using the language of
system ancilla and study the roles of correlations in the
procedure.
II. SEQUENTIAL STATE DISCRIMINATION
In Fig. 1, we show the procedure for sequential state
discrimination. Alice sends a qubit A to Bob prepared in
one of two nonorthogonal states, |ψ1〉 or |ψ2〉. Bob has an
auxiliary qutrit B with the initial state |0〉b. Performing
a joint unitary transformation Ub between A and B, Bob
obtains the composite system in the states
Ub |ψ1〉|0〉b =
√
qb1 |χ1〉|0〉b +
√
1− qb1|φ1〉|1〉b, (1a)
Ub |ψ2〉|0〉b =
√
qb2 |χ2〉|0〉b +
√
1− qb2|φ2〉|2〉b, (1b)
where {|0〉b, |1〉b, |2〉b} is the basis for the ancilla, and
|χ〉1,2 and |φ〉1,2 are pure states of A. For the input
state |ψi〉 (i = 1, 2), Bob’s discrimination is successful
if his ancilla collapses to |i〉b, and the system qubit A
collapses to |φi〉 simultaneously. Otherwise, the pro-
cess fails when the projection is onto |0〉b, and A to
|χi〉. The a priori fixed overlap 〈ψ1|ψ2〉 does not change
due to the joint unitary transformation. Thus the post-
measurement states (failure states) |χi〉 satisfy the con-
straint
√
qb1q
b
2〈χ1|χ2〉 = 〈ψ1|ψ2〉. Without loss of gen-
erality, we take the a priori overlap s = 〈ψ1|ψ2〉 to be
real (0 ≤ s ≤ 1) in the present work. As the simplest
case, we assume that the two nonorthogonal states |ψi〉
(i = 1, 2) are prepared with equal a priori probabilities.
Then, for a given value of 〈χ1|χ2〉 = t, the maximal suc-
cess probability of Bob is attained for qb1 = q
b
2 = s/t,
which is
Pb = 1− s/t . (2)
After Bob’s measurement, the qubit A is sent to the
second observer Charlie. We assume that Charlie knows
exactly what type of measurement Bob has performed,
which is a necessary condition for Charlie to perform un-
ambiguous discrimination. In addition, the states sent
to Charlie to be discriminated must be linearly indepen-
dent. Since the Hilbert space of a qubit is two dimen-
sional, Charlie can only discriminate between two possi-
ble pure states. This requires Bob’s post-measurement
states |χi〉 = |φi〉. Therefore, if Alice sent |ψi〉 (i = 1, 2),
Charlie will receive |φi〉, whether Bob’s measurement suc-
ceeded or not. Then, the states in Eq. (1) become
Ub |ψ1〉|0〉b = |φ1〉|η1〉b, (3a)
Ub |ψ2〉|0〉b = |φ2〉|η2〉b, (3b)
where |ηi〉b =
√
qbi |0〉b +
√
1− qbi |i〉b with i = 1, 2. The
unitary transformation has the form as
Ub = 1
1− s2
(
|φ1〉|η1〉b〈ψ˜1|b〈0|+ |φ2〉|η2〉b〈ψ˜2|b〈0|
)
+ V ,
where |ψ˜i〉 = |ψi〉 − |ψj〉〈ψj |ψi〉 are the components of
|ψi〉 that orthogonal to |ψj〉 with i 6= j and i, j = 1, 2,
and V denotes the terms operating on the subspace of
{|1〉b, |2〉b}. Here, one can obtain the POVM formalism
in [23]. The detection operators on the system qubit are
Abk =b 〈k|Ub|0〉b (k = 0, 1, 2), and their corresponding
POVM elements are given by Πbk = A
b†
k A
b
k for k = 0, 1, 2.
Charlie makes a similar joint unitary operation Uc be-
tween the qubit A from Bob and his auxiliary qutrit C
as Eq. (1) with the parameters qc1 and q
c
2, followed by a
von Neumann measurement on C. His optimal success
probability of unambiguous discrimination occurs when
his two post-measurement states for the inconclusive out-
comes are the same and qc1 = q
c
2 = t. The optimal success
3probability can be expressed as
Pc = 1− t . (4)
It is negatively related to Bob’s success probability Pb in
Eq. (2). Its maximum Pc = 1− s corresponds to Pb = 0,
and minimum Pc = 0 corresponds to the maximal value
of Pb = 1 − s. These indicate that the quantum infor-
mation carried by the qubit A is finite, and the overlap
t quantifies how much information about the state Alice
sent is left in the qubit after Bob’s measurement.
The probability for both Bob and Charlie to identify
the state is
Pbc =
1
2
[(1 − qc1)(1 − qc1) + (1− qb2)(1 − qc2)]. (5)
The two unitary transformations Ub,c lead to two con-
straints
√
qb1q
b
2t = s and
√
qc1q
c
2 ≤ t. The analysis of the
optimal value of Pbc can be divided into two cases: (i)
s < 3 − 2√2, Pbc,max is attained for qb1 = qb2 = qc1 =
qc2 = t =
√
s; (ii) s ≥ 3 − 2√2, Pbc,max is attained for
qb1 = q
c
1 = s, q
c
2 = q
b
2 = 1 and t =
√
s (or exchange the
subscripts 1 and 2). One has
Pbc,max = (1−
√
s)2, s < 3− 2
√
2, (6a)
Pbc,max =
1
2
(1− s)2, s ≥ 3− 2
√
2. (6b)
In case (i), the two states prepared by Alice are equally
important in their protocol. But the lack of quantum
information in qubit A leads to a symmetry breaking in
case (ii), where Bob and Charlie conspire to ignore one
of the states 1.
III. QUANTUM CORRELATIONS
In the procedure, the auxiliary systems B and C play
the role of quantum detectors, whose couplings with A
are key parts in the implementation of sequential state
discrimination. We now answer the question mentioned
about what kind of quantum correlation between A and
B or A and C allows performing sequential state discrim-
ination. The discrimination probability of one observer
is independent of the choice of the post-measurement
states, which are corresponding to the successful out-
comes as shown by Eqs. (1) and (2). Choosing |φi〉 =
1 Similar symmetry breaking also exists in the two strategies that
allow Bob and Charlie to communicate classically in the paper
[23] by Bergou et. al.. There are two alternative optimal proba-
bilities P
(2)
S = (1− s
2)2/2 and P
(3)
S = (1− s
2)2/2(1+ s2) beside
the results in their Eqs. (15) and (16).
|χi〉, Bob has the system-ancilla state
ρAB =
1
2
Ub (|ψ1〉〈ψ1| ⊗ |0〉b〈0|+ |ψ2〉〈ψ2| ⊗ |0〉b〈0|)U†b
=
1
2
(|φ1〉〈φ1| ⊗ |η1〉b〈η1|+ |φ2〉〈φ2| ⊗ |η2〉b〈η2|) ,(7)
which has a separable form obviously. Hence, the one-
observer state discrimination process can be performed
when the entanglement is absent. In addition, the sep-
arable state (7) precisely accords with the condition of
Charlie’s discrimination. In other words, the entangle-
ment between A and B is not only unnecessary for Bob’s
recognition, but also an obstacle for the next observer
Charlie.
The previous analysis prompts us to explore which cor-
relation makes a positive effect on the procedure of se-
quential state discrimination. The recent developments
on the state discrimination assisted with an auxiliary
qubit [10, 11, 27] inspired us to consider quantum dis-
sonance as a candidate. The dissonance of state (7) is
exactly equal to its discord while the entanglement is
not allowed.
Quantum discord was presented based on the view-
point that the total correlation in a bipartite system is
divided into classical part and nonclassical one [3, 4].
The total correlation for a bipartite state ρAB is de-
fined as its quantum mutual information I(ρAB) =
S(ρA) + S(ρB) − S(ρAB), where S(ρ) is the von Neu-
mann entropy and ρA and ρB are two reduced states.
The classical correlation of the bipartite state is given
by J(ρAB) = sup{Ek}{S(ρA) −
∑
k pkS(ρA|k)}, where
pk = Tr(IA ⊗ EkρAB) are the probabilities for outcomes
Ek, ρA|k are the partial projections ρA|k = TrB(IA ⊗
EkρAB)/pk , and the supreme is taken over all the von
Neumann measurement sets {Ek} applied on subsystem
B. They are the quantum generalizations of two equiv-
alent expressions for the classical mutual information,
and quantum discord is defined as the difference between
them,
D(ρAB) = I(ρAB)− J(ρAB). (8)
It is a non-symmetrical quantity. Similarly one can de-
fine the quantum discord D(ρBA) where one optimizes
over measurement sets on subsystem A. In this work, we
call D(ρAB) as right discord and D(ρBA) as left discord
according to [28].
A zero-right-discord two-qubit state is of the form
ρAB = p+ρ+ ⊗ |ψ+〉〈ψ+| + p−ρ− ⊗ |ψ−〉〈ψ−| ,where ρ±
are two density matrices for subsystem A, p± are non-
negative numbers such that p+ + p− = 1 and the two
pure states of B satisfy |〈ψ+|ψ−〉| = 1 or 0 [28]. The
same conditions also exist for the left discord. In state
(7), the overlap 〈η1|η2〉 = s/t corresponds to the success-
ful probability of Bob’s measurement, and 〈φ1|φ2〉 = t
for the state discrimination of the next observer Char-
lie. One can easily find that the two discords are zero
simultaneously when 〈η1|η2〉 = 0 or 〈φ1|φ2〉 = 0. These
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FIG. 2: (Color online) Relative difference D∆ between two
discords vs. success probability (a): Pb or (b): Pc with the
other fixed. Solid lines: Pc or b = 0.9; dotted lines Pc or b =
0.5; dashed lines: Pc or b = 0.1.
suggest that the information extracted by Bob or Charlie
from the qubit A is influenced by both the left and the
right discords.
Since the state ρAB has rank two, its discords can be
derived analytically by using the Koashi-Winter identity
[29]. It can be written as a reduced state of the tripartite
pure state
|Ψ〉 = 1√
2
(|φ1〉|η1〉b|0〉d + |φ2〉|η2〉b|1〉d), (9)
where we have introduced a fictitious qubit D with ba-
sis {|0〉d, |1〉d}. The right discord D(ρAB) = S(ρB) −
S(ρAB) + E(ρAD) = S(ρB) − S(ρD) + E(ρAD) where
E(ρAD) is the entanglement of formation [30] between
the principal system A and the qubit D. Its explicit ex-
pression is
D(ρAB) = H(τB)−H(τD) +H(τA − τABD), (10)
where H(x) = − 1+
√
1−x
2
log2
1+
√
1−x
2
−
1−√1−x
2
log2
1−√1−x
2
, τABD is the residual tangle
(three-tangle) [31] of the tripartite state (9), and τA
(similarly for τB and τD) is the tangle between A and
BD. They are given by
τABD = (1− t2)(1 − r2),
τA = 1− t2,
τB = 1− r2,
τD = 1− t2r2, (11)
where we have set r = s/t = 〈η1|η2〉. The left discord
D(ρBA) can be easily obtained by interchanging r and
t in D(ρAB). To analyze their roles in the protocol of
sequential state discrimination, we define the relative dif-
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FIG. 3: (Color online) The symmetrized discord in the se-
quential state discrimination procedure as a function of the
overlap s, for t = s1/2 (solid line), t = s1/4 (dotted line), and
t = s1/8 (dashed line).
ference between the two discords
D∆ =
D(ρBA)−D(ρAB)
D(ρBA) +D(ρAB)
, (12)
and a symmetrized discord
Dsymm =
√
D(ρBA)D(ρAB). (13)
In Fig. 2, we show the relation between the relative dif-
ference and the success probability Pb or Pc when the
other is fixed. For a given amount of Pc, when Pb ap-
proximates 0, the left discord D(ρBA) is less than the
right one D(ρAB). As Pb increases, the relative differ-
ence D∆ grows accordingly. When Pb → 1, only the left
discord exists in the state ρAB. Hence, the information
extracted by Bob from the qubit A is enhanced by the
left discord of ρAB, but suppressed by the right one. The
same analysis indicates that the right discord is positively
correlated with the information left about the state Alice
sent after Bob’s measurement, and the left discord has
the opposite effect. We also find that, for a fixed a pri-
ori overlap s = 〈ψ1|ψ2〉, the symmetrized discord Dsymm
achieves its maximum when t =
√
s, where occurs the
optimal probability for both Bob and Charlie to identify
the state. Also, as shown in Fig. 3, for a given power
function relation between t and s, there are two cases
for which a classical state appears: (i) two orthogonal
states for which the discrimination procedure becomes a
von Neumann measurement and (ii) two parallel states
for which the information sent by Alice is zero. Conse-
quently, the symmetrized discord in state (7) depends on
the following factors: (a) the quantum information sent
by Alice, (b) the joint probability for discriminations of
Bob and Charlie, and (c) the deviation of their discrimi-
nation procedures from a von Neumann measurement.
5IV. SUMMARY
We study the sequential unambiguous state discrimina-
tion by using the language of system ancilla and explore
the roles of quantum correlations in the procedure. We
find that in the unambiguous discrimination of a single
observer the entanglement between the principal qubit
and the ancilla is unnecessary. In addition, the absence
of entanglement is a necessary condition for the state to
be unambiguously discriminated by the next observer.
In general, the procedure for both Bob and Charlie to
recognize between two nonorthogonal states conclusively
relies on the availability of quantum discord which is pre-
cisely the quantum dissonance when the entanglement is
absent.
The left discord in Bob’s measurement enhances the
information extracted by Bob and suppresses the infor-
mation left to Charlie. The role of the right discord is
just the opposite. The symmetrized discord defined as
the square root of their product in Eq. (13) is positively
correlated with the factors: the joint probability for dis-
criminations of Bob and Charlie, the quantum informa-
tion sent by Alice, and the deviation of their discrimina-
tion procedures from a von Neumann measurement.
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